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Derivations:
9.4. Show directly that the transformation

1
Q =log (q sinp)

P =qcotp

is canonical.
Sol.9.4.
We are given a transformation as follows,

Q =log (1 sinp)
q

P =qcotp

We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order for the given transformation to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should be equal to 1.

Using the formula for Poisson Bracket,

[, v] _ Ou 81}_31} ou
TP 9g; Op; Oq; Ops
0Q oP 9P oQ
. P — .
0 (l Sinp) 0 (l sinp)
1 q 2 1 q
— [Q,Pl,, = —gesctp) —
(@, Pl.p <[11sinp> dq (—gese™p) = cotp (;sinp> dp

= [Q,Plyp = (slip) (ZIQHP> (chs(;?p) —cotp <sizp) <; cosp)

= [Q, P),, = csc®p — cot? p
= [Qap]q,p =1

’ [Qap}q,p = [Q’P]Q’P‘

Hence Proved.
9.5. Show directly that for a system of one degree of freedom, the transformation

a
Q) = arctan «
p

2 2
aq p
p=27 (4
2 < +042q2>

is canonical, where « is an arbitrary constant of suitable dimensions.
S0l.9.5. We are given a transformation as follows,

o
Q@ = arctan ~
p

2 2
aq p
p=27 (4
2 ( +a2q2>

1
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We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order, for the given transformation to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should be equal to 1.

Using the formula for Poisson Bracket,

fu, v] _%81}_01}011
TP 9g; Op; Oq; Ops

Qp._9Q0P _0PoQ
PP T 9 Op O Op

o (2 a vz
:[Q,P]q,p_< 1;;) (5)q>(z>_2<2(])<1+104232> g)p)

@m0 -0 (1) (G2

— [Q7P]q,p =1
Q. Plap = Q. Pla.r |

Hence Proved.

9.6 The transformation equations between two sets of coordinates are
@ =log(1 + /g cosp)

P =2(1+./qgcosp)/gsinp

(a) Show directly from these transformation equations that @), P are canonical variables if ¢ and p are.
(b) Show that the function that generates this transformation is

Fy=—(e9 —1)%tanp

So0l.9.6. (a)
We are given a transformation as follows,

Q@ =log(1 + /g cosp)

P =2(1+./qgcosp)/gsinp

We can re-write the second equation as:

= P =2,/¢sinp+ 2gcospsinp

We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order, for the given transformation to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should be equal to 1.
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Using the formula for Poisson Bracket,

fu, v] _%81}_81}811
TP 0q; Op; i Op;
: _9Qor oroQ
AQ Flay = dq Op  9q Op
B 1 9 (1+ \/gcosp) 0(cospsinp)
= [Q,Plyp = <1 n ﬂcosp> 9 {2\/5}608}?4- 2(]7829 :| _

{QSinp (2\1@) + zcospsmp} < 1 ) 9 (1 + \/geosp)

1+ \/qcosp dp

1
= [Q,Plyp = ( ) (cosp) [2\/§cosp + 2gcos®p — 2qsin2p] —

1+ \/qcosp 2\/q
1 1
2sinp | —— | + 2cospsin, — | (—/qsin
[ p(Q\@) 7 p} (1+\/§005p)( V/qsinp)

= [Q, Plgp = (1 n \/16003]3) [0082]? + \/gcos®p — \/ﬁcospsin2p] + (H\/lacosp) [sin2p + 2\/(}cospsin2p]
= [Q,Plyp = <1+\/16008p> [0052p + sin’p + \/acos?’p — \/c}cospsin2p + 2\/§cospsin2p]

= [Q,Plyp = (H—\/lgcosp> [1 + \/qcosp (6082p — sin’p + 23in2p)]

= [Q, Plgp = (1 T \/1§cosp> [1+ \/gcosp (cos®p + sin’p)]

— (0. Plas = (5T ) (1 Vieosn)

= [Q, Plgp=1

1@, Plap = Q. Plo.r |

Hence Proved.
(b) We are given the following generating function of the F3 type:

Fy=—(e9 —1)%tanp

For a generating function of Fj type, ¢ and p are given as:

6F3 aFB
q:—i P:_i
dp oQ
— g =(e¥ —1)%sec?p — P =2tanp(e? — 1)e?
— /qcosp =e? —1 = P =2tanp(l+/gcosp —1)(1 + \/gcosp)
:>’Q:10g(1+\/§cosp)‘ :>P:2:;LSZ gcosp(l+ \/qcosp)

:>’P =2(1+ \/(jcosp)\/(isinp‘

Therefore, the given generating function does in fact generate the given transformation.

9.8. Prove directly that the transformation

Qi=q Py =pi —2ps
Q2 = p2 Py =—-2q —qo
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is canonical and find a generating function.
So0l.9.8. We are given a transformation as follows,

Qi=q Py =pi —2py
Q2 = p2 Py = —2q — qo

We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order, for the given transformation, to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should satisfy the following:

[Q: Pilgp = 6jk
i.e. we need to prove,

[lepl]q,p = ]-7

[Q2, P2]qp =1

and,
[QlaQQ}q,p = [P1,P2]q,p = [Q17P2]q,p = [Q27P1]q,p =0

Using the formula for Poisson Bracket,

fu, v] _@av_avau
TP 0q; Op; i Op;

0Q1 0P, 9P 0Q,
0q; Op; 0q; Op;
_ Q0P 0P Qs | 00,0P 9P 0Q
= [Q1, Pi]gp = oq1 Op1  Oq1 Op * dq2 Op2  0ga Op2

= [Q1,Pi]gp=1-04+0-0
- [Q17P1]q,p =1

~'~[Q17 Pl]q,p =

Now,

. GQQGPQ 78P28Q2
© 9q; Op;  Oq; Op;
_ Q0P _0P,0Q, | 0Q; 0P, 0P, 0Q
= [QQaPQ]lLP - dq1 O dq1 Opq * 0qa Ops O0q2 Op2

- [QQ, PQ],MD =0—-0+4+0-— (71)1
= [QQaPQ]qJ’ =1

[QQ, PQ]q,p

_0Q10Q2  9Q 0C1
"~ dq; Op;  Oq; Op;
_0Q10Q2  9Q20Q1 | 9Q10Q2  0Q2 0Qn
= (@1, Qelay = Oq1 Op1 Oq1 Opa * O0q2 Op2  Ogqa Opo

= [Ql,QQ]q’p =0-040-0
= | [Q1,Q2]4p =0

(@1, Q2]q,p



mailto:manassharma07@live.com

Chapter-9 Solutions Manas Sharma

_oPoP,  OP, 0P
~ 9dq; Op;  Oq; Op;

oP, 0P, 0P, 0P, OP,0P, 0P,0P;
PP, = 21Yr2 Yr2001  Yi1Yi2 Y7200
= [P, Ploy dq1 Op1 Oq1 Opy * O0qa Op2  Ogqz Op2

= [P1, Pagp =0—(=2) +0 - (=1)(-2)
= [Pl’PQ]Q»P =0

[Plﬂ PQLLP

_ 0Q10P; 9P 0Q:

"~ 9q; Opi  Oq; Op;

_ Q0P 0P,0Q1  0Q1 0P, 0P, 0Q:
- [Qlapﬂqm - dq1 Op dq1 Opq + 0qa Ops O0q2 Op2

- [Ql,Pg]qm:O*O‘FO*O
= [QlaPQ]qJ’ =0

[Qla P2]q,p

78@2({9P1 78P1 aQQ
g Opi Oqi Opi
_ Q0P 0P 0Qy | 0Q: 0P 0P 0Qs
g [Q%Pl]qw - dq1 Op dq1 Opy + 0qa Ops O0q2 Op2

- [QQ,Pl](Lp =0-0+0-0
g [QQ;-Pl]q,p =0

[QQa Pl]qm

Therefore the given transformation is canonical.
Now, we are also required to find a generating function for the given transformation.

For that, the first thing we need to do is to find the form of the generating function.
Finding a suitable form of the generating function would require some analysis along with a lot of
hit-and-trial.

What I usually do is, I assume the generating function to be of the first kind, i.e. F' = Fi(q,@Q,t) and then
find the form of the generating function by integrating it’s corresponding partial derivatives. Now if the
generating function is, in fact, of the first kind then you would be able to find it in the form of ¢ and
Q(may require a few substitutions using the given transformation equations).

But if it were of some other form then, no matter what, you won’t be able to write in the form of ¢ and Q.
So now we look for the coordinates that can’t be expressed in the form of ¢ and @) and will have to be
included in the generating function.

Once you have such coordinates, then we have a form of our generating function.

Note: The form of your generating function should consist of equal no. of old and new coordinates.
Now after a little hit-and-trial, I found the generating function to be of the mixed form, F’(p1, g2, Q1, @2).
Now the equations of transformation can be found by writing F as

F = F'(p1,42,Q1,Q2) + 11
and plugging it in the following equation( from Hamilton’s Principle):

. dF
pidi_H:PiQi_K‘FE
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Expanding the derivative of F'

i

— iy +pago — H = PiQ1 + PyQs — K + 5 +Tmp1+@42+ﬁQl+

OF  OF oF oF

and equating the coefficients of p1, ¢s, Q1 and Q- to zero, leads to the equations

P =

T 0Q2

OF' _OF

T, P2 = bg
OF' _OF
q1 = — 3101

integrating all the above equations we get,

OF'
S 0Q1
— F' = -PQ+c
—= F' = —(p1 — 2p2)Q1 + 1
— F'=—(p1 —2Q2)Q1 + 1

—|[F' = —-p1Q1 +2Q1Q2 + 1|
OF’
Q2
= ['=—-PQy+co
= F'=—(201 —2)Q2+ 2
— F'= —(—2Q1 — 2)Q2 + c2
:>‘F/=2Q1Q2+Q2Q2+62‘
oF
p2 = o2
= F' =pyq2 +c3

P =

P, =

:>‘F/=%Q2+C3‘
OF’

_8p1

— F' = —qp1 +

q1 =

= | F' = —p1Q1 +2Q1Qs + 4

oF

Q2

Q2+ pidgi + Py

Clearly, the terms —p1 @1, 2Q1 Q2 and ¢2Q2 repeat themselves more than once, so they are probably
present in the generating function, F’.
If we use ¢; = q2Q2, ca = —p1Q1, c3 = 2Q1Q2 — p1Q1, and ¢4 = q2@Q2 then F’ gives back the canonical

transformation, Therefore,

F'=20Q1Q2 + ¢2Q2 — p1Q1

is the generating function for the given canonical transformation.

6
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You should verify if you get the transformation using this generating function.

9.10.Find under what conditions

Q=" P = fa?
x
where o and 3 are constants, represents a canonical transformation for a system of one degree of freedom,
and obtain a suitable generating function. Apply the transformation to the solution of the linear harmonic
oscillator.
Sol.9.10
We are given a transformation as follows,

Q="
P = Bz?

ap
T

We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order, for the given transformation to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should be equal to 1.

Using the formula for Poisson Bracket,

[, v] _@81}_81)311
TP 9g; Op; Oq; Ops

. _9Qor 0PIQ

--[QvP]QJ’ - aq ap 8q ap

But for the transformation to be canonical:

[Qv P]q’p =1
S—2Ba=1
1
—— = —_—
p 2a
9.11. Determine whether the transformation
— D
Q1= q1q2 P ="
g2 — q1
q2p2 — q1p
Q2=q1+q Py=-"2 T8 (g +q1)
q2 — 1
is canonical.
Sol.9.11.
We are given a transformation as follows,
— P
Q1= q1q2 ="
q2 — q1
q2p2 — q1P1
Q2=q1+q Po=———"——(2+q)
q2 —q1
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We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order, for the given transformation, to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should satisfy the following:

[Qja Pk]q,p = 5jk
i.e. we need to prove,

[Qlapl]q-ﬁ =1

[Q2>P2]q,p =1

and,
[QlaQ?]%P = [PlaPQ]q,p = [Q17P2]q,p = [Q%Pl]qm =0

Using the formula for Poisson Bracket,

fu, v] _%61}_@871
TRP T 0q; Op; i Op;

_9Q19P,  9PL0Q,

~ 0q; Opi  Oq; Op;

_OQOR 0PLOQ) | Q10 0P 0
= [Qlapl]q,p - dq1 Op1 Jdg1 Opr + 0qa Opo 0q2 Op2

1 -1
:>[Q1,P1]q,p—Q2( >—0+Q1< )
g2 — q1 92 — q1

42 — 1
—— Q ’P =
[ 1 l]q,p G —q

g [Qlapl]q,p =1

[Ql?Pl]q’p

Now,

0Q2 0P, 0P 0Q)2

P. = = -
[Q2, 2]!1,:0 dq; Op; dq; Op;
0Q2 0P, 0P, 0Q3 0Q20P, 0P, 0Q,
7‘P :77_77—"_77_77
e [Qz 2]q,p dq1 Opr Oq1 Op1 0q> Ops 0q2 Opa
— Q2. Polay = —2- 0+ 2 g
2 —q1 P2 —q1
q2 — q1
— 7P ==
[Qz 2]q,p g2 —q1

g [QQ;P2]q,p =1

~0Q1 0Q2 _ 9Q2 9C
(@1, Q2]qp = dq; Op;  Ogq; Op;

_0Q10Q2  0Q20Q1 | 0Q10Q2  0Q2 0@
= (@ @l = dq1 Op1 O Op1 | Ogz Ops | Ogz Opa

= [Ql,Qg]qw =0-0+4+0-0
= | [Q1,Q2]gp =0
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OPLOP, 9P, OPy
Py, P = -

[P1, Polqp dq Op;  Oq Op;

OPLOP, 9P, OPy

P P = a5 A T a a4

= [P1, P2)qp dq1 Opr Oq1 Opy

= [P, P2]yp = (

b1 — D2

orLop, op,op,
Oqz Op2  Oq2 Opo

e ql)z) <‘12mq1) {(q(lil_qqf)’f)

1
el ey
g2 — q1 q2 — 41

* (_ (c];l—_qpf)Q> (qz_—qqu) -

[(qwz —qp) R
Q2 —q1

Manas Sharma

| (=)

(Q2 - Q1)2
P11 — P2q1 P1q1 — P2ge D1 1
= |P1, Palgp = - - +
[ ]q b (112 - Q1)3 (Q2 - Q1)3 (CJ2 - Q1)2 g2 — q1
Pig2 —P2g2  P2g2—p1qy  p2 1
(QQ - (J1)3 (QQ - Q1)3 (q2 - Q1)2 92 — q1
— — + — + + — + — — +
— [Ph Pg]q’p _ P1q1 — P291 — P14q1 T+ P2q2 — P1qG2 p1Q17 plgz P2q2 T q2P2 — P14q1 — P2q2 T P2q1
(112 q1)
— [Pl,PQ]qJ, =0
9Q, OP: 0P, 0
[Ql,PQ]qm _ Ql 2 N 2 Ql
dq; Op;  Oq; Op;
P. P. P. P
e (1, Py, = 20D 0P 00, 00,0y 0P, 00
Oq1 Op1 Oq1 Op1 Oqz Opz  Oqa Op2

= [Qla PQ]q,p =

g [Qh P2]q,p =

q2< q1 )_0+q1< —q2 )_0
g2 — q1 42 — q1

20— 0
q2 — 1

= [QlaPQ]q,p =0

[Q%Pl]q,p =
= [Q%Pl]q,;n =

= [Q2, P1]gp =

0Q2 0P, 0P, 0QQ-
dq; Op;  Dq; Ipi
0Q, 0P, 0P, 0QQ-
0q1 Opy 0q1 Opy
1 o0+ -1
92 — q1 42 —q1

= [Q2,P1]Q,P =0

Therefore the given transformation is canonical.

9.14. Prove that the transformation

Q=aq

Q2 = g2 secpo

Py

0Q@2 0P 0P 0Q
O0qa Opa  Oqa Opa
-0

_ P1cosps — 2qp
2¢; cos pa

Py =sinpy — 2q;

is canonical, by any method you choose. Find a suitable generating function that will lead to this

transformation.
Sol.9.14.

We are given a transformation as follows,

Q=aqi

Q2 = g2 secpo

Py

_ P1cosps — 2q3
241 cos ps

Py, =sinpy; — 2¢q1
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We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order, for the given transformation, to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should satisfy the following:

[Qja Pk]q,p = djk
i.e. we need to prove,
[Q17P1]q71) =1
[QQ» P2]q,p =1

and,
(@1, Q2lq,p = [P1, Polgp = [Q1, Po]gp = [Q2, Pilgp =0
Using the formula for Poisson Bracket,

fu, v] 78u8v781}8u
tar = 0q; Op;  Oq; Op;

_9Q, 0P, 9P, 0Q,

[Ql,Pl]q,p* dq; Opi - dq; Opi
0Q1 0P, 0P, 0Q:1 , 0Q10P1 0P 0Q:
pl = Zxri1 Ui Y1 | Yl Ui O8Ol
= @1, Piles Oq Op1  Oq1 Ops * Oqz Opz  Oqa Op2
COS Po

:>[Q1,P1]q7p=2 —-04+0-0

1241 cos ps
= [Qlapl]q;P =1

0Qo 0Py 0P 0Q)-
dq; Op;  Dq; Ipi
0Q2 0Py 0P 0Q> 0Q2 0P, 0P, 0Q9
0q1 Opy 0q1 Opy dq2 Opa dq2 Opa

= [Q2, P2]gp = 0 — 0+ secpycosps — 0
= | [Q2, P2]gp =1

[QQ’PQ]‘LP =

= [QQv PQ]qyp =

_ 0Q10Q2  9Q2 0C

0q¢; Op;  Oq; Op;
_0Q10Q2  9Q20Q1 | 9Q10Q2  0Q2 0Q
= (@1, Qeloy = Oq1 Op1 Oq1 Opa * 0q2 Op2  Ogqa Opo

=4 [Ql,QQ]q’p =0—-04+0-0
= [Q1,Q2]4p =0

[Q1, @2l

% oP, _ 0P, 0P,
0q; Op; 0q; Op;
0P, 0Py, 0P, 0Py, 0P 0P, 0P,0P;

P, P. =5 5 T &3 A T &3 A — &5 &
= [P1, P2]qp doq1 Opr  Oqu Opy * dg2 Op2  Oq2 Opa

[Plapﬂq,p =

COS P2 -2
(P, P =0 — [ E95P2 ) (o e _
P1, Polap =0 <2q1 COsz) (=2)+ <26h COsz) (cospz) =0

— [Pl,PQ}q,p =0

10
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. 8Q13P2 . aPZan
~ O0q; Op;  Oq; Op;
_0QI0P, 0P0Q: | 0007 000,
= [Ql,PQ]q,p = dq1 O 0q1 Op1 + 0qa Ops O0qa Op2

— [Ql,PQ](Lp:O—O-FO—O
= [QlaPQ]%P =0

[Qla PQ](LP

_ 9Q20P 9P, 0Qs

~ 9dq; Opi  Oq; Op;
0Q2 0P 0P 0Q2 0Q20P, 0P 0Q2

P _9k20ln  O0Mokr  0G20M 010G
= [Q2, 1]q,p dq1 Ops dq1 Op1 + 0qs Opo 9q2 Op2

— — Sec
= [Q2, P1]qp =0 — 0+ secps ((;]2 sec p2 taﬂpz) - ( . p2> q2 sec pz tan py
1 1

[Q27P1]q,p

= | [Q2, Pilgp =0
Therefore the given transformation is canonical.

Now, we are also required to find a generating function for the given transformation.
After a little hit-and-trial, I found the generating function to be of the fourth kind,

Fy(p1,p2,Q1,Q2)

Now the equations of transformation can be found by writing F' as

F = Fy(p1,q2,Q1,Q2) + p1q1 + p2g2
and plugging it in the following equation(from Hamilton’s Principle):

. dF
piq-i_H:PiQi_K“f‘E

Expanding the derivative of Fy and equating the coefficients of ¢; and P; to zero, we get the equations

p o _Of __on
YT T, "= "o
p,— 0P !

0Q2 Op2

11
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integrating all the above equations we get,

OFy

1= —%5—
1 Op1

= Fy=—-qp1+a

= |Fy=—/Qip1 +c1

o0F,
Q2 = —F—
? Opa
= Iy = —@p2+c
= ’ Fy = —Qzcospaps + 2
F.
P, = _Q
001
= Fy=—-PQ1+cs3
cosSpy — 2
:$F4(plp2q2> Or + 3
2q1 cos pa
— | == 2Q1 T @2V Q1+
F.
Py, = _OK
0Q2

= Fy=—-PoQr+cu

= | Fy = —Q2sinps +24/Q1Q2 +c4

Using,

Cqy = —\/@Ih

we get back the canonical transformation.

Therefore,

Fy =2/Q1Q2 — \/Qip1 — Qasinpy

is the required generating function.

Manas Sharma

You can find the remaining constants if you want to but there is no need as we have already found the
generating function. You should verify if you get canonical transformation using the above generating

function.

9.17. Show that the Jacobi identity is satisfied if the Poisson Bracket sign stands for the commutator of

two square matrices.

[A,B] = AB — BA

Show also that for the same representation of the Poisson bracket that

Sol.9.17.

[A, BC] = [A, BIC + B|A,C]

We are given that the Poisson bracket sign stands for the commutator of two square matrices:

[A,B] = AB — BA

We need to show that the Jacobi identity is satisfied by the new(above) definition of Poisson Brackets.

Therefore, we need to prove:

[Av [B’CH + [37 [Cv AH + [Ca [AvB]] =0

Proof:

12
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From the new definition of P.B.:
= [A,[B,C]] = A(BC —CB)— (BC - CB)A
= [A4,[B,C]] = ABC — ACB—-BCA+CBA (1)

Note: We cant simply cancel ABC by ACB as these are matrices and hence their product isnt
commutative.

Similarly,

= [B,[C,A]] = B(CA—- AC) - (CA- AC)B

= [B,[C,A]] = BCA— BAC — CAB + ACB (2)
and,

[C.[A, B]| = [C, AB — BA]
— [C,[A, B]] = C(AB — BA) — (AB — BA)C
— [C,[A, B]] = CAB — CBA — ABC + BAC (3)

Adding , , and , we get

[A,[B,C]] + [B,[C, A]] + [C,[A, B]] = ABC — ACB — BCA+ CBA+ BCA
— BAC — CAB + ACB + CAB — CBA — ABC + BAC

—|[4,[B,C]| +[B,[C, A + [, [4, B] = 0|

Hence, Jacobi Identity is satisfied by the commutator of two square matrices.
Next, we are asked to prove that,

[A, BC| = [A, B]C + B[A, C]
Proof:

From the given definition of P.B.:

[A, BC] = ABC — BCA

adding and subtracting BAC

— [4, BC] = ABC — BAC — BCA + BAC
— [4,BC] = (AB — BA)C — B(CA — AC)
— [4,BC] = [A, BIC + B(AC — CA)
—|[4, BC] = [4, B|C + B[4, (]

Hence Proved.

Exercises:
9.21.(a) For a one-dimensional system with the Hamiltonian
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show that there is a constant of motion

D=2 _ g
2

(b) As a generalization of part (a), for motion in a plane with the Hamiltonian

H=|p|"—ar™
where p is the vector of the momenta conjugate to the Cartesian coordinates, show that there is a constant
of motion

p=2%_mm

n

(c) The transformation ) = g, p = is obviously canonical. However, the same transformation with with ¢
time dilation, Q = q, p = P, t = 2t, is not. Show that, however, the equations of motion for ¢ and p for the
Hamiltonian in part(a) are invariant under this transformation. The constant of motion D is said to be
associated with this invariance.
So0l.9.21.(a)
We are given a Halimtonian,

2
gt _ 1
2 2¢2
We are given a quantity D,
D=2 _m
2
To show that D is a constant of motion we need to show that,
dD
= _0
dt
Equation of Motion of D:
dD oD
— D . Hl + 2=
dt D, Hat
dD Pq
& ——HLH}—H
T {2
dD 1
— = =[pq,H] —t(H, H — H
= dt 2[79% } [ ) ]
dD 1 p? 1
= _Z r _ - | _o0-H
— 2[p’2 2q2} 0
dD 1 9 1 1
— == - = —|—-H
= g7 = 1P 7] 4{pq,q2]
dD 1 9 9 1 1
_ — = — — — | — R _H
% 4{p[q,p]+[p,p]q p{q,qz] [p,qQ}q}
a1, 1] 1 1 ¢
= —— =P lap +pq,pp+0—0—[p,]q—[p, }—H
dt 4{[ 1+ 7le.2) qal q al q
dD 1( 4, 45 1 1
> — = — S — _H
dt 4{p T q2}
where we have used
bl
D, ==
a] ¢
dD_p? 1
dt 2 2¢2
dD
R
@

14
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Therefore, D is a constant of motion.

9.22. Show that the following transformation is canonical by using Poisson Bracket:

Q= \/%eo‘ cosp pP= \/Ee*"‘ sin p

Sol.9.22.
We are given a transformation as follows,

Q= \/ﬁea cosp
pP= \/ﬁe*a sin p

We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

Therefore, in order, for the given transformation to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should be equal to 1.

Using the formula for Poisson Bracket,

fu, v] _auav_é)v ou
TP 9q; Op; i Op;

0Q 0P 0P 0Q
P - ___ v
[Q7 ]va aq 3p aq ap

e“ cosp _ e “sinp .

= [Q, Plgp = V2qe" acosp — ———+/2qe*(—sinp
[ ]qp \/E m ( )

= [Q, P),, = cos®p +sin?p

= [Q,Plgp=1

Q. Plop = Q. Plo.r |

Hence Proved.
9.23. Prove that the following transformation from (g, p) to (Q, P) basis is canonical using Poisson Bracket:
Q =V2qtanp P = /2log(sin p)

Sol.9.23.
Note: There seems to be some typo in the question as the Poisson Bracket of (Q,P) with respect to (q,p)
doesn’t come out to be 1.

9.24. Prove that the transformation defined by Q = 1/p and P = gp? is canonical using Poisson Bracket.

1
Q=- P=qp’
p
Sol.9.24.
We are given a transformation as follows,
1
Q-
p
P=qp’

We know that the fundamental Poisson Brackets of the transformed variables have the same value when
evaluated with respect to any canonical coordinate set. In other words the fundamental Poisson
Brackets are invariant under canonical transformation.

15
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Therefore, in order, for the given transformation to be canonical, the Poisson Bracket of @), P with respect
to ¢ and p should be equal to 1.
Using the formula for Poisson Bracket,

fu, v] _8u3v_8v(’9u
tar = 0q; Op;  Oq; Op;
_0Q 0P 0PoQ
[Q7P]q7p— aq ap - 8q (c)p
1
= [Q,Plgp =0 —-p° (_pz)

= [Q,Plgp=1
Q. Plap = Q. Plo.r |

Hence Proved.

9.30.(a) Prove that the Poisson Bracket of two constants of motion is itself a constant of motion even
when when the constants depend on time explicitly.

(b) Show that if the Hamiltonian and a quantity F are constants of motion, then the nth partial derivative
F with respect to t must also be a constant of motion.

(¢) As an illustration of this result, consider the uniform motion of a free particle of mass m. The
Hamiltonian is certainly conserved, and there exists a constant of motion

pt
m

F==z

Show by direct computation that the partial derivative of F' with ¢, which is a constant of motion, agrees
with [H, F)

Sol.9.30.

(a)

Let the two constants of motion be A(t) and B(t). Then since A(t) and B(t) are given to be constants of
motion, therefore

dA(t) _
dt 0
0A
and
dB(t) _
dt 0
0B
=>[B,H]+§—O (5)

The equation of motion of the Poisson Bracket of A and B is given as:

d[A, B] J[A, B
Lets evaluate the second term in the R.H.S. of @:
J|A, B] oA 0B
o [&B] i [A’ at] @

16


mailto:manassharma07@live.com

Chapter-9 Solutions

from and we have

Plugging these back in

Plugging the above back in @

Now using Jacobi’s Identity,

=

d[A, B]

d[A, B]

d[A, B]
at

= [[Hv A]vB] + [Av [Ha B]]

= [[A’BLH] + HH7A]7B] + [Av [HaB]]

= [H’ [BaAH + [B’ [A’H]] + [Av [H7B]]

=0

(b) We are given that H is a constant of motion,

and,

Therefore, H is not a function of time.

We are also given that,

Now, lets have a look at the equation of motion of the nth partial derivative of F":

o"F o (O0"F
- [81&" H} +8t<8t">

using @

O"F
d otn
dt

d@"F

otn

"F
d 5
dt

dH
'E_O
dH OH
— =[H H]+ —
Cdt [, ]+8t
=>a—H—0
ot
dF
E*O
oF
FHl=——
oF
— = |H,F

|Gt + el )

otn’ otn
O F O"H O F
[f%n H} * {atn F} * [H atn}

17

Manas Sharma


mailto:manassharma07@live.com

Chapter-9 Solutions Manas Sharma

the second term on the R.H.S. is clearly zero as H is independent of time as shown earlier already in .

d&E  [onF O"F
ot _ [
7 Tat _[atn’H} {atn’H}

an
d ot _ 0

dt

—

Therefore, the nth partial derivative of F' is a constant of motion.

(c)

pt
= — —
m
oF D
ot m (10)
For a free particle of mass m:
2
g_P
2m
~[H,F] = [p }
2m’
2
p p~ pt
— [H,F —
A, F] = {2m] [Zm m}

= [H,F] = 2 [p 2] —0

= [HvF] = %{p[ 7I]+[ ,l‘]p}
1

[H,Fl=5—-(-p—p)
—-p
H F|l=— 11
— (1, F) = (1)
from and we have,
oF

Author Notes:

e Despite extreme caution, some errors or typos may have crept in inadvertently. If you find an
error or have a correction or suggestion to make then you can either email me or drop a comment
on this post on my blog.

e You can check for an updated or revised version of this Solutions Manual on [this link.

e You can find solutions to other chapters of Goldstein |herel
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